In this paper, discrete-time epidemic model with a saturated incidence rate is considered. Firstly, we introduce the local stability analysis of the system by details. Next, we study the bifurcation phenomena and the sufficient condition to verify flip bifurcation and Neimark-sacker bifurcation by using bifurcation theory and the center manifold theorem. Finally, numerical simulation including bifurcation diagrams, phase portraits and Chaotic attractors is carried out by using matlab to verify theoretical results obtained.
Introduction
Many year infectious diseases affect the human kind. Mathematical model is the main objective to understand epidemiological patterns and disease control for along time, there are two kinds of mathematical models: the continuous-time models described by differential equations and the discrete-time models described by difference equations. The continuous-time epidemic models have been widely investigated in many articles (for example, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] ). In recent years, we have seen more attention being given to the discrete-time epidemic models follows, because statistical data on epidemics is collected in discrete time, it is more appropriate and accurate to describe epidemics using discrete-time models than the continuous-time models. Also, we can be obtained more accurate numerical simulations by using discrete-time models. Furthermore, the numerical simulations of continuous-time models are obtained by discretizing the models. Finally, the discrete-time models have more rich dynamical behaviors. There are two ways to get discrete-time epidemic models: (i) by directly making use of the property of the epidemic disease (see [11, 12] ) and (ii) by discretizing a continuous-time epidemic model using techniques such as, the forward Euler scheme and the center manifold theorem (see [13] ). Some studies have been done on discrete-time epidemic models by the reproduction number and showed that when the reproduction number R 0 < 1 then the disease-free equilibrium is stable and the endemic-equilibrium does not exist, also when R 0 > 1 the disease-free equilibrium is unstable and the endemic-equilibrium is stable. The pioneers work Kermack and Mckendrick [14] whose study epidemic models by nonlinear differential equation. Many authors studied various kinds of epidemic models to understand how diseases transmission [15, 16, 17, 18, 19, 20, 21, 22] . The authors ( [23, 24, 25, 26] ) discussed the local and global stability of the disease free equilibrium and endemic equilibrium for some SI, SIS and SIR type discrete-time epidemic models, where SI models (individuals do not recover), SIS models (individuals can be cure) for some bacterial diseases such as plague,meningitis and sexually transmitted diseases, and for protozoan diseases such as malaria and sleeping sickness, SIR models (individuals can be cure with permanent immunity) for viral diseases such as measles, mumps and smallpox, SIRS models (individuals can be cure with temporary immunity). Li and Wang [28] and Li et al. [27] discussed the dynamical behaviors of some discrete epidemic models with stage structure and nonlinear incidence rate including the transcritical bifurcation, flip bifurcation, Hopf bifurcation and chaos phenomena. Beretta el al. [29] have studied global stability of an SIR epidemic model with distributed delay. Song and Cheng [30] studied the effect of time delay on the stability of the endemic equilibrium. Also the population divide into three epidemiological classes: the susceptible portion of population s(t), the infected individuals I(t) and the recovered individuals R(t).
In this paper, we consider the continuous-time SIR type epidemic model is given by the form:-
Where r is a specific growth rate constant, βSI the bilinear incident rate which replace by the Holling type functional response βSI 1+σS it is said to be saturated incidence rate, σ is the saturation number, k is the capacity of the susceptible individuals, α is the rate of infected individuals who recover and a is the rate of infected individuals who die. 
Now, by using the forward Euler scheme, we can discretize model (1.2) which described by
And the mapping is given by the form:
(1.4) Where δ is the step size.
This paper organized as follow. In section (2) we study the local stability analysis of the disease-free equilibrium and endemic equilibrium for model (1.4) , in section (3) introduce condition necessary to occur the bifurcations, in section (4) numerical simulation are applied. Finally we show our conclusions.
Existence of fixed points and their stability
In this section, firstly we determine the existence of the fixed points of the system, then study their stability by calculating the eigenvalues for the Jacobian matrix of the system at each fixed point. Sufficient conditions for existence of flip bifurcations and Neimark-Sacker bifurcations are derived by using the center manifold theorem and bifurcation theory. By simple calculations the system has two fixed points:-1. E 1 (k, 0) is the disease-free equilibrium. 2. E 2 (S * , I * ) is an endemic equilibrium. Now, we study the local stability of these fixed points. In deed, the local stability of the discrete-time system (1.4) is determined by calculating the eigenvalues of the Jacobian matrix. So, the Jacobian matrix of the system (1.4) at its fixed point (S,I) can be written in the form:-
To study the stability of fixed points of system (1.4), we need the following lemma to help us. We recall some definitions of topological types for a fixed point (S, I). A fixed point (S, I) is called a sink if |λ 1 | < 1 and |λ 2 | < 1, so the sink is locally asymptotically stable; it is called a source if |λ 1 | > 1 and |λ 2 | > 1, so the source is locally unstable; it is called a saddle if |λ 1 | > 1 and |λ 2 | < 1 (or |λ 1 | < 1 and |λ 2 | > 1); and (S, I) is called non-hyperbolic if either |λ 1 | = 1 or |λ 2 | = 1. Now state the following two Propositions: Proposition 2.2. The fixed point E 1 (k, 0) has the following topological properties
The characteristic equation of the Jacobian matrix J of the system (1.4) evaluated at an endemic equilibrium fixed point E 2 (S * , I * ) can be written as
where
Using Lemma 2.1 we obtain the local dynamics of the fixed point E 2 (S * , I * ).
Proposition 2.3. Let E 2 (S * , I * ) be an endemic equilibrium fixed point of system (1.4);
• E 2 is a sink if one of the following conditions holds
Local bifurcations analysis
The main objective of this section be to study different types of bifurcations at the disease-free equilibrium and endemic equilibrium of the model(1.4).
Bifurcation of the disease-free equilibrium E
Now, we study the bifurcation of the disease-free equilibrium E 1 (k, 0). In the following lemma, it will be shown that the system (1.4) undergoes a flip bifurcation at E 1 . The Jacobian matrix at E 1 (k, 0) is given by:
which has two eigenvalues λ 1 = 1 − δ and λ 2 = 1 + δ( 
, and let parameter µ be a new and dependent variable, then the system (1.4) becomes:
Can construct an invertible matrix
and use the translation
Then, the center manifold for (3.2), take the form:
for ,δ 1 sufficiently small. To compute the center manifold W c we assume
The center manifold must satisfy
Substituting Eq. (3.4) into Eq. (3.5) and then equating coefficients of like powers in Eq. (3.5) , we get a 1 = 0, a 2 = 0, a = 0. The system (3.3)is restricted to the center manifold, which is given by
So, system (1.4) undergoes a subcritical flip bifurcation at E 1 .
3.2. Bifurcation of the endemic equilibrium E 2 (S * , I * )
In this section, we show that occurs both flip and Neimark-Sacker bifurcations for system (1.4) at an endemic equilibrium E 2 where δ is taken as the bifurcation parameter. Firstly, we discuss the flip bifurcation of system (1.4) Let
The endemic equilibrium fixed point (S * , I * ) can undergo flip bifurcation when parameters vary in a small neighborhood of FB 1 or FB 2 . Let
Also the endemic equilibrium fixed point E 2 (S * , I * ) may undergo Neimark-Sacker bifurcation when parameters vary in a small neighborhood of HB. In the following analysis, we will study the flip bifurcation of the endemic equilibrium fixed point E 2 (S * , I * ) if parameters vary in a small neighborhood of FB 1 (or FB 2 ) and the Neimark-Sacker bifurcation of E 2 (S * , I * ) if parameters vary in a small neighborhood of HB. First, we discuss the flip bifurcation of system (1.4) at E 2 (S * , I * ) when parameters vary in a small neighborhood of FB 1 . By the same arguments can be applied to the other case FB 2 . Taking parameters (m, k, b, δ 1 ) arbitrarily from FB 1 , we consider system (1.4) with (m, k, b, δ 1 ), which is given by
The system (3.7) at an endemic equilibrium fixed point E 2 (S * , I * ) has two eigenvalues λ 1 = −1, λ 2 = 3 + Gδ 1 with |λ 2 | 1 by proposition 2.3. Since (m, k, b, δ 1 ) ∈ FB 1 , taking δ * as a bifurcation parameter, we consider a perturbation of (3.7) as follows:
where |δ * | 1, which is a small perturbation parameter. Let u = S − S * , v = I − I * . Then we transform the endemic equilibrium fixed point E 2 (S * , I * ) of system (3.8) into the origin. We have
where Can constructing an invertible matrix
then the system (3.9) becomes
Next, we determine the center manifold W c (0, 0, 0) of system (3.11) at the fixed point (0, 0) in a small neighborhood of δ * . By the center manifold theorem, we know that there exists a center manifold
forS and δ * sufficiently small. We suppose that a center manifold take the form
By substituting from (3.12) into (3.13), and equating coefficients of like powers (3.13), we get that
Therefore, we consider the system (3.11) which is restricted to the center manifold W c (0, 0, 0):
(3.14)
In order to the system (3.13) undergo a flip bifurcation, we require that two discriminatory quantities α 1 and α 2 are not zero, where
From the above analysis, we have the following result.
Theorem 3.2. If γ 2 0, then the system (1.4) undergoes a flip bifurcation at an endemic equilibrium fixed point E 2 (S * , I * ) when the parameter δ varies in a small neighborhood of δ 1 . Moreover, if α 2 > 0 (resp. α 2 < 0), then the period-2 orbits that bifurcate from (S * , I * ) are stable (resp., unstable).
Finally, we discuss the Neimark-Sacker bifurcation of E 2 (S * , I * ) if parameters (m, k, b, δ 2 ) vary in a small neighborhood of H B . By taking parameters (m, k, b, δ 2 ) arbitrarily from H B , we consider the system (1.4) with (m, k, b, δ 2 ), which is described by
System (3.15) has a unique endemic equilibria fixed point E 2 (S * , I * ). Since parameters (m, k, b, δ 2 ) ∈ H B , then δ 2 = − G H . Choosing δ * as a bifurcation parameter, we consider a perturbation of the system (3.15) given as follows: 1, which is a small perturbation parameter. Let u = S − S * , v = I − I * . Then we transform the fixed point E 2 (S * , I * ) of the system (3.16) into the origin. We have 
Since parameters (m, k, b, δ 2 ) ∈ H B , the eigenvalues of (0, 0) are a pair of complex conjugate numbers λ and λ with modulus 1 by proposition 2.3 , where
and so
at point (0, 0). To the system (3.19) undergo Neimark-Sacker bifurcation, we implies that the following discriminatory quantity is not zero:
From the above analysis, we deduce the following theorem.
Theorem 3.3.
If the condition (3.18) holds and θ 0, then system (1.4) undergoes Neimark-Sacker bifurcation at an endemic equilibrium fixed point E 2 (S * , I * ) when the parameter δ varies in a small neighborhood of δ 2 . Moreover, if θ < 0 (resp., θ > 0), then an attracting (resp., repelling) invariant closed curve bifurcates from the fixed point for δ > δ 2 (resp., δ < δ 2 ).
Numerical simulation
In this section, we present some numerical simulation results to confirm our analytical results and to obtain more dynamical behaviors of the system (1.4) by presenting bifurcation diagram and phase plane for specific parameter values. We consider the numerical simulation of system (1.4) is discussed in the different cases as follows:
1. Let b, m and k be fixed and δ vary from 0 to 3. We take the initial value (S 0 , I 0 ) = (0.5, 0.8) in all numerical simulation. The bifurcation diagram in the (δ, S) plane is illustrated in Fig. 1 . Also, we give the bifurcation diagram of the system (1.4) in the (δ, I) plane is illustrated in Fig. 2 . It is easy to see that the system (1.4) changes from stable to unstable and the bifurcation of the disease-free equilibrium fixed point E 1 (k, 0) occurs at δ = 2 which agrees with Lemma 2. In Fig. 3 , various phase plane diagrams are showed for b = 0.25, m = 0.70, k = 1.5 and different δ. So the bifurcation diagram of the disease-free equilibrium E 1 (k, 0) is verify by lemma 2. For these parameter values, the endemic equilibrium E 2 (S * , I * ). Fig. 3(a) show that E 2 is stable. while part (b) show that the dynamics of E 2 before Neimark-Sacker bifurcation. Part (c) shows the dynamics of E 2 after Neimark-Sacker bifurcation while Part (d) shows that increasing resulting in E 2 loses stability and show that a closed invariant curve is appear. But in Fig. 3 both part ,(e), (f), (g) the chaotic behavior occurs at δ = 2.82, 2.87, 2.95 respectively. Finally in (h) shows the strange attractor for δ = 3.3. 
Conclusion
In this paper, we have investigated the dynamical behavior of a discrete SIR epidemic model with saturated incidence rate which obtained by applying a forward Euler discretization method. It is prove that the fixed points of the map posses flip and Neimark-Sacker bifurcation using both bifurcation theory and the center manifold theorem. Also, choosing the integral step size δ as a bifurcation parameter, numerical simulations observed to confirm our theoretical analysis. These results show that the SIR epidemic model with saturated incidence rate is very rich.
